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For each integer p>1, we consider an algebraic invariant for C*-algebras. The
invariant consists of K0 , K1 , the K0-group with Zp coefficients, the order structures
these groups possess, and the natural maps between the three groups. We prove
that this invariant is complete for the class of AD algebras of real rank zero if p
annihilates every torsion element of K1 . The AD algebras are C*-algebras which
are inductive limits of finite direct sums of C*-algebras of continuous matrix-valued
functions over the circle, or over the interval, where in the interval case we require
that the value over the endpoints is a scalar multiple of the unit matrix. Examples
show that the condition on the torsion in K1 is necessary when only one mod p
K0-group is considered. Applying a theorem of Da$ da$ rlat, the result also applies to
a subclass of the AH algebras.  1996 Academic Press, Inc.
1. INTRODUCTION
In a seminal paper [5], Gong has given examples to show that Elliott’s
ordered K-theory is not a complete invariant for the class of AH algebras
of real rank zero. Recently, Da$ da$ rlat and Loring have given similar
examples of non-isomorphic AD algebrasinductive limits of finite direct
sums of C*-algebras of continuous matrix-valued functions over the circle,
or over the interval, where in the interval case we require that the value
over the endpoints is a scalar matrixof real rank zero with isomorphic-
ordered K-groups. These examples raise attention to the problem of
augmenting ordered K-theory to a complete algebraic invariant for these
classes of C*-algebras. We shall deal with the class of AD algebras here.
Da$ da$ rlat and Loring introduce a new order on mod p K0 -groups in [2]
and use them to distinguish certain AD algebras. Also, these groups are
used to define a notion of positivity of KK-elements, with which it is
proven, e.g., that
AK$BK  _: # KK(A, B)&1 : :, :&1 are positive.
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One is naturally led to expect that a combination of the mod p K0-groups
and the classical K-groups would form an algebraic invariant for the class
of AD algebras, but since no construction of a positive KK-equivalence
from a simultaneous isomorphism between all of these groups is known, a
classification result using algebraic invariant is not immediately contained
in Da$ da$ rlat and Loring’s innovative work.
The purpose of this article is to show that when the AD algebras in ques-
tion have bounded torsion in K1 , i.e., when only a finite number of integers
occur as orders of torsion elements, there is a simple answer to this
problem. If one takes into account the interrelation between K0 , K1 , and
the mod p K0-group, one needs only consider one of Da$ da$ rlat and Loring’s
K0-groups, the one associated with the least common multiple of the
orders.
Returning to the general problem of building a positive KK-equivalence
from certain knowledge on ordered groups, one should recall that the only
general tool available along these lines is the surjectivity part of Rosenberg
and Schochet’s universal coefficient theorem. One might hope to prove a
similar result for some extended K-theory. However, denoting the mod p
K0-group of A by K0(A; Zp), even for the building blocks the canonical
map
KK(A, B)  Hom(KC(A), KC(B))Hom(K0(A; Zp), K0(B; Zp))
may not be ontothere is a natural relation between K0(A; Zp) and the
classical K-groups which must be preserved by any triple of homo-
morphisms coming from a KK-element. Including this relation, we get
complexes K(A; p) for which one might hope that the map
KK(A, B)  Hom(K(A; p), K(B; p))
is onto when A and B are AD algebras. We have not proved this,1 but
looking for evidence for the conjecture, we noted that the map is in fact
an isomorphism for every building block for which the dimension drop
divides p. Using this, it is fairly easy to prove directly that K(&; p) is in
fact a complete invariant when we restrict our attention to the class of AD
algebras in which the dimension drop orders divide p, and we give the
proof here. Our main result, Theorem 5.3 below, moves the restriction from
the building blocks to the torsion part of the K1-groups of the inductive
limits as outlined above.
The exposition is not minimal in the sense that we duplicate parts of the
work of Da$ da$ rlat and Loring in the sections involving preliminary results.
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It has been our goal to investigate how far one could go using only the new
order structure, the universal coefficient theorem and some observations on
well-known maps between building blocks. The quite extensive results
obtained in such a simpleminded fashion serve, in the author’s opinion, as
further justification for working with mod p K-theory.
The reader might wonder where the analytic parts of the classification
proof are hidden. If we boldly categorize the universal coefficient theorem
as an algebraic result, there seems to be only two places: one is Elliott’s
uniqueness argument from [4], the other is the continuity of the K-functors
used. In particular, to prove that the positive cone of the inductive limits
is in fact the limit of the positive cones of the finite direct sums of building
blocksessential in any intertwining argumentone must employ stable
relations or semiprojectivity. The special nature of dimension drops as
investigated by Loring [6, 7] plays an important role here.
Finally, some comments are due on [4, 7.1]. This result is true as stated
for AT algebras, but not for general AD algebras, as the examples in [2]
demonstrate. The problematic part of the argument in [4] lies in [4, 5.1],
in which it is incorrectly stated that if A, B are finite direct sums of matrix
algebras over dimension drops (or circles), then every element : in
KK(A, B) such that K
*
(:) satisfies certain conditions has the form :=[ f ]
for some V-homomorphism f from A to Mn(B). The conditions are only
sufficient to ensure that K
*
(:)=K
*
( f ) for some such f. We will elaborate
on this after Proposition 3.3 below.
The author thanks George Elliott for several inspiring discussions and
Terry Loring for making a copy of [2] available to him at an early stage.
Thanks are also due for the hospitality that was extended to him at The
Fields Institute for Research in Mathematical Sciences, where this research
was carried out.
In what follows, all C*-algebras are nuclear and separable! We let N
denote the bootstrap class for the universal coefficient theorem [8, 1.17].
The nonunital and unital dimension drop algebras are the C*-algebras
Ip=[ f # Mp(C([0, 1])) | f (0)=0, f (1) # C]
and
Itp =[ f # Mp(C([0, 1])) | f (0), f (1) # C],
respectively. We denote by K
*
(A)=K0(A)K1(A) and 7(A) the ordered
group and the scale, respectively, considered in [4]. We shall also work
with K-theory with graded coefficient groups ZZp. As in [2], we call
this group Gp and denote by K0(A; Gp) the graded group with the order
introduced in that paper. Also following [2], K0(A; Zp) denotes its odd
part. We write lcm(m, n) for the least common multiple of m and n, (m, n)
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for their greatest common divisor. Multiplication maps x [ px in groups
will be denoted in matrix notation, by [ p]. Also, [.] denotes the KK-class
of a V-homomorphism .. This should not case confusion. When a # Zp
and b # Z, we write a b if there is a representative a$ for a with 0a$b.
2. A COMPLEX OF K-GROUPS
According to [2, 2.1], the mod p K-groups defined in this paper fit into
a natural exact sequence K(A; p) of the form
K(A; p): K0(A) ww
[ p] K0(A) ww
+ A; p K0(A; Zp) ww
&A; p K1(A) ww
[ p] K1(A).
We will allow ourselves to omit one or both of the subscripts on + and &
when no confusion may occur from this. Associativity of the Kasparov
product implies that an element : of KK(A, B) gives rise to a commutative
diagram
K0(:) K0(:; Zp) K1(:)
K0(A) ww
[ p] K0(A) ww
+A K0(A; Zp) ww
&A K1(A) ww
[ p] K1(A)
K0(B) ww[ p] K0(B) ww+ B K0(B; Zp) ww&B K1(B) ww[ p] K1(B)
When G is a general exact sequence of this form,
G: G0 ww
[ p] G0 ww G ww G1 ww
[ p] G1
and H is a similar exact sequence, we denote by Hom(G, H) the group of
group homomorphisms 8=(.0 , ., .1) such that the diagram
G0 ww
[ p] G0 ww G ww G1 ww
[ p] G1
. 0 . . 1
H0 ww[ p] H0 ww H ww H1 ww[ p] H1
is commutative. We have established a group homomorphism
KK(A, B)  Hom(K(A; p), K(B; p))
for every integer p>1. We will allow ourselves to use this notation for
p=1 also, in which case +p , &p vanish and the complex degenerates to the
two groups in K
*
(A).
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Lemma 2.1. Assume that A lies in the bootstrap class N and fix a
positive integer p. If K
*
(A) is projective or K
*
(B) is injective,
KK(A, B) ww$ Hom(K(A; p), K(B; p)).
Proof. As Ext(K
*
(A), K
*+1
B)) vanishes, by the universal coefficient
theorem, the theorem holds for p=1. This also shows that the map is
injective for general p.
If K1(A) is projective (i.e., free) it is torsion free, and so &A vanishes,
whence +A is onto. This shows that .(x)=+B(.0( y )), where y is an
arbitrary lift of x, and .0 determines .. When K0(B) is injective (i.e.,
divisible), +B vanishes, whence &B is 1&1, and since &B(.(x))=.1(&A(x))
this determines . from .1 . As any pair (.0 , .1) lies in the image (again by
the universal coefficient theorem), the map is onto in either of these
cases. K
We now take a closer look at the sequence K(A; p) in the case where A
is one of the building blocks for the AD algebras. We have
(K0(Itp ), K0(I
t
p ; Zp), K1(I
t
p ))=(Z, ZpZp, Zp),
according to [2, 3.2]. We will employ the identification of K0(Itp ; Gp) with
elements of KK(Itp , I
t
p ) that is given in [2, 3.2] and extend it to
K0(Itn ; Gp) for n{p. Using the standard identifications of K0(I
t
n ) and
K1(Itn ) with Z and Zn, respectively, we will then give explicit formulae
for +Int; p and &Int; p . A similar program will be carried out for other pairs
of building blocks. Note that Itp and C(S
1) lie in N, so that the universal
coefficient theorem is applicable. To give explicit formulae for maps
between K-groups, we fix generators in the following way:
(i) K0(C)=Z via 1=[1].
(ii) K1(C(0, 1))=Z via 1=[t [ e2?it].
(iii) K0(C(S1))=Z via 1=[z [ 1].
(iv) K1(C(S1))=Z via 1=[z [ z].
(v) K0(Itp )=Z via 1=[t [ 1].
(vi) K1(Itp )=Zp via
1 =_t [ _
e2?it
1
. . .
1&& .
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We employ certain notation from [2]. As in this article, $i : Itp  A,
where A is any unital C*-algebra and i # [0, 1], denotes the map f [ f (i ).
We will also need the maps id, id : Itn [ I
t
n sending f (t) to f (t) and
f (1&t), respectively, as well as their generalizations, the maps inp, n ,
inp, n : I
t
p  Mp(n, p)(I
t
n ) given by considering the maps
f (t)
f (t) [ _ . . . &f (t)
and
f (1&t)
f (t) [ _ . . . & ,f (1&t)
respectively, from Itp into Mlcm( p, n)(C[0, 1]) as maps into Mp(n, p)(I
t
n ). To
do this, we employ the block matrix units and note that at either endpoint
we get a scalar combination of these. The number of copies of f placed is
lcm(n, p)p=n(n, p).
Lemma 2.2. For integers p, n > 1, we may identify K0(Itn ; Gp) =
KK(Itp , I
t
n ) with a subgroup of ZZpZp via
[$i]=(1, i , i ), [inp, n]=
p
( p, n)
(1, 0 , 1 ), [inp, n]=
p
( p, n)
(1, 1 , 0 ).
With these identifications, we have
K0(Itn ; Gp)
+=[(a, b , c ) | ab and ac ],
and K(Itn ; p) becomes
Z ww[ p] Z ww
[11] {(b , c ) # ZpZp | b#c \mod p(n, p)+=
wwww(np)[&1 1] Zn ww[ p] Zn.
Proof. The maps used to identify K0(Itp ; Gp) in [2, 3.2] fit as the
upward arrows in the diagram:
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KK( Ip
t , $0$ 1)
ZZpZZp
"
KK(Itp , CC)
KK(Itp , I
t
n )
KK($ 1 , I n
t)
KK(@, I n
t) _
KK(@, I n
t)
KK(C, Itn ) KK ($1 , Int)
KK(Ip , Itn ) KK (@, Int)
KK(SMp , Itn )
" " "
K0(Itn ) + I nt; p K0(I
t
n ; Zp) & I nt; p K1(I
t
n )
Here the maps @ are the natural embeddings, and the map _ is the one
obtained from the split sequence of groups
0  KK(C, Itn )  KK(I
t
p , I
t
n ) www
_
KK(Ip , Itn )  0.
Both triangles involving KK(@, Itn ) commute, and since _ is a splitting map,
we conclude that the rightmost triangle involving _ is commutative,
whereas the leftmost triangle commutes only on the odd part of
KK(Itp , I
t
n ). The topmost identification is [$i ]=(1, i ) in each coordinate,
and the ones associating K-groups with KK-groups are those obtained by
combining the universal coefficient theorem with our choice of generators.
By unsplicing K(Itn ; p), we get
0  Zp  K0(Itn ; Zp)  Z(n, p)  0
from which we learn that K0(Itn ; Zp) has p(n, p) elements. As in [2, 3.2],
the map KK(Itp , I
t
n )  ZZpZZp maps into (a, b , a, c ), and the
positive cone is contained in
[(a, b , a, c ) | ab 6 ac ].
Composition of V-homomorphisms show that the images of $i , inp, n , and
inp, n are the ones stated above, and we see that
{(b , c ) | b#c \mod p( p, n)+=
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is contained in the image of K0(Itn ; Zp) in ZpZp. However, as the set
has p( p, n) elements, this must be the image. Also, the positive cone must
be the intersection of K0(Itn ; Gp) with the cone given above.
We identify K0(Itn ; Gp) with a subgroup of ZZpZp in this fashion,
and now determine +Int, &I nt by direct calculation. Employing the map
KK($1 , Itn ), we get that the chosen generator of K0(I
t
n ) is sent into
$1=(1, 1 , 1 ). Considering the odd part of this, we get +Int ; p=[
1
1]. Under
the map KK(@, Itn ), $i is sent to $i b @=0, while inp, n is sent to n(n, p) times
the chosen generator of K1(Itn ). Consequently, & Int; p=(np)[&1 1]. K
We set
Z(n; p)={(b , c ) | b#c \mod p( p, n)+= ,
and consider ZZ(n; p) as an ordered group with the order inherited from
ZZpZp. Obviously, Z(n; p) is isomorphic to ZpZ(n, p), but we
refrain from employing this isomorphism as it would distort the positive
cone.
Lemma 2.3. Fix integers n, m>1. The maps $i : Itn  I
t
m and inn, m ,
inn, m : I
t
n [ Mn(m, n)(I
t
m ) give triples
K($0 ; p)=\[1], _11
0
0& , [0]+
K($1 ; p)=\[1], _00
1
1& , [0]+
K(inn, m ; p)=\_ n(m, n)& ,
n
(m, n) _
1
0
0
1& , _
m
(m, n)&+
K(inn, m ; p)=\_ n(m, n)& ,
n
(m, n) _
0
1
1
0& , &_
m
(m, n)&+ .
Proof. As we have identified a set of generators of Z(n; p) by V-homo-
morphisms, all calculations may be performed by composition of maps. K
Note how, in the case of the maps in, in, the K0-multiplicity of maps
reflects the number of copies of Itm while the K1-multiplicity reflects the
number of copies of Itn placed. Note also that although the matrix
representations on the second map in the triple can be chosen so that it
does not depend on p, the map itself does.
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Proposition 2.4. Given positive integers p, n, m with n, m>1. The
canonical map
KK(Itn , I
t
m )  Hom(K(I
t
n ; p), K(I
t
m ; p))
is onto. It is injective if and only if n divides p. Furthermore, KK(Itn , I
t
m ) is
generated by [$0], [$1 ], and [inn, m].
Proof. An element 8=(.0 , ., .1) of Hom must make the diagram
Z ww[ p] Z ww
[11] Z(n; p) wwww(np)[&1 1] Zn ww[ p] Zn
. 0 . . 1
Z ww
[ p]
Z ww
[11]
Z(m; p) wwww
(mp)[&1 1]
Zm ww
[ p]
Zm
commute. Contrary to what we saw in Lemma 2.1, the pair (.0 , .1)=
([x], [ y]), where x and y are integers with yn#0 (mod m) will not deter-
mine . completely under these conditions. In fact, if x=y=0, any map of
the form
d=d _&1&1
1
1&
will map into Z(m; p) and make the diagram commute. On the other hand,
in this case . must be of the form d , since we must have
.(1 , 1 )=(0, 0), .(0, p(n, p))=(b , c ),
where b#c (mod p) since y=0. Also, since (n, p) b#0 (mod p), b#0
(mod p(n, p)), and this proves that . is of the form mentioned. We can
now prove that the map is onto. Let 8 be given and note that by the
universal coefficient theorem, there is : # KK(Itn , I
t
m ) with K*(:)=
(.0 , .1). Then 8&K(:; p) must be of the form ([0], d , [0]), and this is
a multiple of the image of [$1]&[$0] by Lemma 2.3. As d=e exactly
when d#e (mod (n, p)) because of the special form of d and Z(n; p),
this argument also shows that the number of torsion elements in
Hom(K(Itn ; p), K(I
t
m ; p)) is at least (n, p)(n, m).
If n divides p, we have (n, p)=n and the number of torsion elements of
Hom is at least n(n, m). Again by the universal coefficient theorem,
KK(Itn , I
t
m )=ZZ(n, m)Zn
and, since this group also has n(n, m) torsion elements and any surjection
Z [ Z is injective, the map must be 11. If n does not divide p, i.e.,
(n, p)<n, we have that (n, p) is not the zero map from K0(Itn ; Zn)
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to K0(Itm ; Zn). By the injectivity proved above, this implies that
(n, p)([$1]&[$0]){0 in KK(Itn , I
t
m ), but since (n, p) is the zero map
from K0(Itn ; Zp) to K0(I
t
m ; Zp), the image of (n, p)([$1]&[$0]) is zero.
For the last claim, set p=n and note that K
*
($0) and K*(inn, m) generate
Hom(K
*
(Itn ), K*(I
t
m )). By the argument above, K($0 ; p), K($1 ; p),
K(inn, m ; p) generate Hom(K(Itn ; p), K(I
t
m ; p)). Apply the injectivity result
again. K
Note that we did not need to prove that it is possible to fill out a
diagram with prescribed (.0 , .1)=([x], [ y]) as this was a consequence
of the universal coefficient theorem. However, it is easy to see that the map
given by
_
x 0
&x&nym nym
restricts to a map Z(n; p)  Z(m; p) and makes the diagram commute. We
then have
Observation 2.5. Given positive integers p, n, m with n, m>1. Every
element 8 of Hom(K(Itn ; p), K(I
t
m ; p)) is of the form
8=\[x], _
x 0
&+d _&1&1 11& , [ y]+ . (2.5)x&nym nym
When p is fixed, d is uniquely determined up to (n, p). When : in
KK(Itn , I
t
m ) is given, by combining Lemma 2.3 with Proposition 2.4 we can
choose 0dx such that K(:; p) is of the form given above for all p. We
will usually consider this done.
We now investigate the relations between KK and Hom in a similar vein
when the algebra on the right is C(S1). As the proofs are analogous, and
somewhat simpler, we only record the results.
Lemma 2.6. For any positive integer p, we may identify K0(C(S 1); Gp)=
KK(Itp , C(S
1)) with ZZp via
[$i]=(1, i ).
With these identifications, we have
K0(C(S 1); Gp)+=[(a, b ) | ab ],
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and K(C(S 1); p) becomes
Z ww[ p] Z ww[1] Zp ww[0] Z ww[ p] Z.
Proposition 2.7. Given positive integers p, n with n>1. The canonical
map
KK(Itn , C(S
1))  Hom(K(Itn ; p), K(C(S
1); p))
is onto. It is injective if and only if n divides p.
Observation 2.8. Every element 8 in Hom(K(Itn ; p), K(C(S
1); p)) is of
the form
8=([x], [x 0]+d[&1 1], [0]). (2.8)
3. POSITIVITY
We say that 8=(.0 , ., .1) in Hom(K(A; p), K(B; p)) is positive if
(.0 , .1) is positive in the sense of Elliott (cf. [4, 3]) and (.0 , .) is positive
in the sense of Da$ da$ rlat and Loring (cf. [2, 2]). The class of positive
homomorphisms is denoted by
Hom(K(A; p), K(B; p))+.
We say that a positive 8 is scaled if (.0 , .1) preserves Elliott’s scale [4, 3],
and denote the class by
Hom(K(A; p), K(B; p))+, 7.
The set KK(A, B)+ is the set of KK-classes which have the form [ f ] for
f : A  Mn(B) a V-homomorphism. The subset KK(A, B)+, 7 consists of the
elements of KK(A, B)+ for which n can be chosen as 1.
When A and B are both finite direct sums of matrix algebras over circles
or dimension drops, we will also need the class
Hom(K
*
A, K
*
B)N
which consists of all pairs (.0 , .1) such that every pair of partial maps
(K0(?j ) b .0 b K0(@i ), K1(?j ) b .1 b K1(@i ))
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(where @i : Ai  A and ?j : B  Bj are the canonical inclusions from and
projections to the matrix algebras over building blocks) has the form
([xij ], [ yij ]) for which
xijN or yij=0
holds; cf. [4, 7.2]. We denote by HomN the set of triples for which the
K
*
-pair lies in HomN, and combine this with the superscripts mentioned
above.
Lemma 3.1. For positive integers p, n, m with n, m>1, let an element 8
of Hom(K(Itn ; p), K(I
t
m ; p))
+ be given on the form in (2.5). When y=0,
there exists [ f ] in KK(Itn , I
t
m )
+ with K( f ; p)=8.
Proof. Note that x must be non-negative and that 8 must be of the
form
\[x], _x&dx&d
d
d& , [0]+ ,
where we may assume that 0d<(n, p). As the image of ( p(n, p), 0 ,
p(n, p)) must be positive, we get
p
(n, p)
d
p
(n, p)
x,
and since pd(n, p)<p by our assumption, we infer that 0dx. We
recognize 8 as the image of (x&d )[$0]+d[$1] (cf. Lemma 2.3) and since
both coefficients are positive, this is an element of KK+. K
Proposition 3.2. Given positive integers p, n, m with n, m>1. When n
divides p, the canonical map
KK(Itn , I
t
m )
+  Hom(K(Itn ; p), K(I
t
m ; p))
+
is onto. Furthermore, when : is an element of KK(Itn , I
t
m )
+, we can write
:=a0[$0]+a1[$1]+a2[inn, m]+a3[inn, m],
where all ai # Z+, a2a3=0, and a0+a1+((m, n)n)(a2+a3)x, where
K0(:)=[x].
Proof. Write p=nq. It is clear that V-homomorphisms are mapped into
positive triples of homomorphisms. Let 8 in Hom(K(Itn ; p), K(I
t
m ; p))
+ be
given on the form (2.5), where we may further assume that
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(i) 0d<(n, p)=n.
(ii) 0y<m.
As the image of (q, 0 , q ) must be positive, we get qd, q(d+nym)qx.
As qd<p by (i), we infer that dx, but as we only know, by combining
(i) and (ii), that q(d+nym)<2p, we must consider two separate cases:
1. 0q(d+nym)<p. We conclude that d+nymx and write
y=zm(m, n) for some z # Z+. Note that zn(m, n)=nym, so that the map
8&z \_ n(m, n)& ,
n
(m, n) _
1
0
0
1& , _
m
(m, n)&+
=\_x&nym& , _
x&
ny
m
x&
ny
m
0
0&+d _&1&1 11& , [0]+
is also positive, since dx&nym by assumption. By Lemma 2.3, the map
subtracted is a multiple of K([inn, m]; p), and it clearly suffices to prove
that 8&zK([inn, m]; p) is an image of a V-homomorphism. This follows
from Lemma 3.1.
2. pd+nym<2p. We conclude that 0d+nym&nx, and
write m&y=zm(m, n) for some z # Z+. The map
8&z \_ n(m, n)& ,
n
(m, n) _
0
1
1
0& , &_
m
(m, n)&+
=\_x&n+nym& , _
x
x
ny
m
ny
m&+d _&1&1 11& , [0]+
will also be positive, since x&dx&n+nym and d+nymx&n+nym
since 0d+nym&nx&n+nym. By Lemma 2.3, the map subtracted is
a multiple of K([inn, m]; p), and the difference is an image of a V-homo-
morphism by Lemma 3.1.
For the second claim, note that by the arguments above and in the proof
of Lemma 3.1,
K(:; p)=a0K($0 ; p)+a1K($1 ; p)+a2K(inn, m ; p)+a3K(inn, m ; p)
with the coefficients as described in the proposition. By the injectivity
proved in Proposition 2.4, we get equality in KK also. K
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Observe that although [inm, n] is a combination of [$0], [$1], and
[inm, n] by Proposition 2.4, it need not be a combination with positive
coefficients. As an aside, we also note the implications of this result for the
problem of which elements of Hom(K
*
(Itn ), K*(I
t
m )) arise from V-homo-
morphisms.
Proposition 3.3. Let integers n, m>1 be given, and denote a fixed
element of Hom(K
*
(Itn ), K*(I
t
m )) by its multiplicities ([x], [ y]).
(i) There is a positive integer k and a V-homomorphism f : Itn  Mk(I
t
m )
with K
*
( f )=([x], [ y]) if and only if, in Zn,
ny
m
x or &
ny
m
x.
(ii) If xn, f above can be chosen to have any KK-class : with
K
*
(:)=([x], [ y]).
Proof. Combining the decomposition result of Proposition 3.2 with
Lemma 2.3, we get one direction of (i). Working with mod n K-theory for
the other, if nymx we put d=0, if &nymx we put d=n&nym, and
check that the triple
\[x], _
x 0
&+d _&1&1 11& , [ y]+x&nym nym
is positive and, hence, comes from a V-homomorphism. Finally, if K
*
(:)=
([x], [ y]) with xn we note that the triple K0(:; Zn) is positive. Taking
f : Itn  Mk(I
t
m ) with K0( f ; Zn)=K0(:; Zn), we get that [ f ]=: by
injectivity in Proposition 3.2. K
The condition in (ii) is necessary; for instance, the triple ([0], [ &1&1
1
1],
[0]) corresponds to a KK-class which does not come from a V-homo-
morphism, yet it has the K
*
-theory of the trivial V-homomorphism. This
contradicts the last sentence of [4, 5.1], and leads to the false conclusion
in [4, 7.1], as the methods in [4, 7.2] do not allow us to dispose of the
case where the K
*
-maps vanish. If the AD algebras in [4, 7.1] are simple,
one may arrange that condition (ii) is met for the K
*
-maps encountered in
step one of the proof of that theorem. The KK-intertwining produced in
step two may hence be lifted to an intertwining of V-homomorphisms, com-
muting at the level of KK-theory as stated in step three, and the proof may
be completed by step four.
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Proposition 3.4. Let p, n, m be positive integers with n, m>1. When
Nn, the canonical map
KK(Itn , I
t
m )
+  Hom(K(Itn ; p), K(I
t
m ; p))
+, N
is onto.
Proof. Let 8 in Hom(K(Itn ; p), K(I
t
m ; p))
+, N be given on the form
(2.5). When y=0, the result follows from Lemma 3.1. When xNn, the
triple is positive considered as an element of Hom(K(Itn ; n), K(I
t
m ; n)), and
hence the image of a V-homomorphism f. We have
K( f ; n)=\[x], _
x 0
&+d$ _&1&1 11& , [ y]+ ,x&nym nym
where d#d$ (mod n). Then also d#d$ (mod(n, p)), and K0( f ; Zp)=8. K
Again, we record without proof the results where the algebra on the right
is the circle. As the K1-multiplicities involved must be zero, we are
automatically in a situation analogous to that of Lemma 3.1.
Proposition 3.5. For positive integers p, n with n>1, the canonical map
KK(Itn , C(S
1))+  Hom(K(Itn ; p), K(C(S
1); p))+
is onto. When : is an element of KK(Itn , C(S
1))+, we can write
:=a0[$0]+a1[$1],
where ai # Z+ and a0+a1x, where K0(:)=[x].
4. THE INVARIANT
We now alter our usage of the symbol K(A; p) to include the two order
structures on the graded groups K
*
(A) and K0(A; Gp). The invariant
K(A; p) hence consists of
(i) three abelian groups (K0(A), K1(A), K0(A; Zp))
(ii) two group homomorphisms (+A; p , &A; p)
(iii) two order structures (K
*
(A)+, K0(A; Gp)+)
and, if we choose to consider this,
(iv) one scale (7(A)).
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The elements of Hom(K(A; p), K(B; p))+ are those that preserve (i)(iii),
the elements of Hom(K(A; p), K(B; p))+, 7 are those that preserve (i)(iv).
We hence say that 8 is a (scaled ) order isomorphism if 8 is invertible and
8, 8&1 are both (scaled) positive maps, and say that the groups K(A; p)
and K(B; p) are (scaled ) order isomorphic if such a triple exists.
Our efforts in Sections 2 and 3 may be summed up as follows.
Theorem 4.1. Let p be a positive integer, and let A be a finite direct sum
of matrix algebras over either of the algebras C(S1), Itn 1 , ..., I
t
n k ; B a finite
direct sum of matrix algebras over either of the algebras C(S 1), Itm1 , ..., I
t
ml .
The canonical map
KK(A, B)  Hom(K(A; p), K(B; p))
then has the following properties. When ni divides p for every i,
(i) the map KK  Hom is injective,
(ii) the map KK+  Hom+ is onto,
(iii) the map KK+, 7  Hom+, 7 is onto.
When Nni for every i,
(iv) the map KK+  Hom+, N is onto,
(v) the map KK+, 7  Hom+, 7, N is onto.
Proof. We may deal with every summand separately and may, hence,
assume that A, B are both building blocks. Assume first that A is a dimen-
sion drop algebra of order n. When B is also a dimension drop algebra,
and n divides p, we get (i) by Proposition 2.4, (ii) by Proposition 3.2; when
Nn we get (iv) by Proposition 3.4. When B is the circle, we apply
Proposition 2.7 for (i), Proposition 3.5 for both existence results (ii) and
(iv). For the claims involving scaled maps, note that if
8 # Hom(K(Mk(Itn ); p), K(Ml(B); p))
+, 7
is given on the form (2.5) or (2.8), then xkl. We may assume that in fact
xk=l, and now solving the problem for k=1 will suffice, as we may tensor
by the identity on Mk and get the same triple of maps between the mod
p K-groups. The assumptions in (iii) and (v) ensure that 8=K(:; p) for
some : in KK+. Choosing : on the minimal form given in Propositions 3.2
and 3.5 gives the result.
When A is a circle algebra, (i) follows by Lemma 2.1, and all the
existence claims follow by [4, 5.1] when we replace Hom by Hom(K
*
(A),
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K
*
(B)). As in the proof of Lemma 2.1, every element 8 in Hom(K(A; p),
K(B; p))+ will be determined uniquely by (.0 , .1), and one checks directly
that as long as the K0-multiplicity x is non-negative, the pair (.0 , .) is
positive. K
We also need to know that K(&; p) is continuous in any reasonable
sense.
Lemma 4.2. We have, for any positive integer p,
K( Ai ; p)= K(Ai ; p)
More specifically, when A= Ai ,
(i) K
*
(A)= K
*
(Ai ).
(ii) K0(A; Zp)= K0(Ai ; Zp).
(iii) K
*
(A)+= K
*
(Ai )+.
(iv) K0(A; Gp)+= K0(Ai ; Gp)+.
(v) +A= +A i .
(vi) &A= &Ai .
(vii) 7(A)= 7(Ai ).
Proof. Claims (i), (iii), and (vii) are well-known facts. Claim (iv) is
[2, 2.5]. Claim (ii) follows from continuity of KK(Ip , &) (cf. [8, 1.14(a)]
and the fact that K
*
(Ip) is finitely generated). After employing the
isomorphisms in (i), (ii), claims (v) and (vi) make sense, and they follow
from the naturality of K(&; p). K
5. CLASSIFICATION RESULTS
We give two classification results, one in which the dimension drops of
the AD algebras are assumed to be bounded, and one in which the torsion
of the K1-groups is assumed to be bounded. What is meant by this will be
made precise in the statement of the results. Our first classification result
is contained in the second. We include a direct proof as we would like to
point out that what is required here is basically a standard intertwining
argument modeled on [4, 7.1] and this may be somewhat obscured in our
main result by other provisions we are forced to make. The first step of the
two proofs are essentially the same, and we only give full details in the
former.
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Proposition 5.1. Let A and B be C*-algebrass of real rank zero which
are inductive limits of finite direct sums matrix of algebras over either of the
algebras
C(S1), Itn1 , ..., I
t
n N .
Suppose that every ni divides p. Then
AK$BK  K(A; p) is order isomorphic to K(B; p)
and
A$B  K(A; p) is scaled order isomorphic to K(B; p).
Proof. Let A= (Ai , ki ) and B= (Bi , li ) with every Ai , Bi a finite
direct sum of building blocks. Write }i and *i for the induced maps Ai  A
and Bi  B. Let 8=(.0 , ., .1) be the (scaled) order isomorphism in
Hom(K(A; p), K(B; p)). Although the number p is essential for the
arguments and the algebraic objects that appear in them, we will
abbreviate K(D; p) by K(D) in this proof, which is possible since p will be
fixed throughout.
1. We shall need to apply all the continuity results contained in
Lemma 4.2, and we will make reference to these by (i)(vii). As both of
these groups are finite sums of cyclic groups, we can find i1 and group
homomorphisms
0 : K0(A1)  K0(Bi1)
1 : K1(A1)  K1(Bi1)
: K0(A1 ; Zp)  K0(Bi1 ; Zp)
such that
.0 b K0(}1)=K0(*i 1) b 0
.1 b K1(}1)=K1(*i 1) b 1
. b K0(}1 ; Zp)=K0(*i1 ; Zp) b 
by (i)(ii). As K0(A1 ; Gp)+ is finitely generated, we may assume that in fact
(0 , ) is positive by (iv). And since we have, for every D in [C(S 1), Itni ],
that (x, y) # K
*
(D)+ yields (x, my) # K
*
(D)+ for every integer m, we
may assume by (iii) that also (0 , 1) is positive by the trick in step one
of [4, 7.1]. Analogously, if 8 is scaled, we may choose (0 , 1) scaled
by (vii). Finally, by passing even farther into the sequence, by the
cyclicity again, we may assume that in fact 9=(0 , , 1) lies in
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Hom(K(A1), K(Bi 1)) by (vi) and (vii). Renumbering and repeating the
process with the systems reversed, we get ( in Hom(K(B1), K(A2)) for
which the two maps from K(A1) to K(A) in the diagram
K(A1) ww
K(k 1) K(A2) ww
K(k2) K(A)
9
(
K(B1)
agree. Again by cyclicity of the groups in K(A1), we may assume that the
triangle commutes by passing farther towards the limit and renumbering.
The process may be iterated.
2. The first step leaves us with a commutative diagram,
K(A1) ww
K(k1) K(A2) ww
K(k 2) K(A3) ww
K(k3) } } } ww K(A)
9 1
( 1 92
( 2 9 3
( 3 8
K(B1) wwK(l1) K(B2) wwK(l2) K(B3) wwK(l3) } } } ww K(B)
in which every map 9k lies in Hom(K(Ak), K(Bk))+ and every map (k
lies in Hom(K(Bk), K(Ak+1))+. The maps will be scaled if 8 is. By
Theorem 4.1(ii), we can find V-homomorphisms k from Ak into KBk
(or into Bk itself by 4.1(iii), if the maps are scaled) with K(k)=9k , and
V-homomorphisms "k from Bk into KAk+1 (or into Ak+1 itself) with
K("k)=(k .
3. The diagram
A1 ww
k1 A2 ww
k2 A3 ww
k 3 } } } ww A
1
" 1  2
" 2  3
"3
B1 wwl 1 B2 wwl 2 B3 wwl3 } } } ww B
(in the non-scaled case, the algebras must be stabilized) is commutative
at the level of KK-theory by Theorem 4.1(i). We may hence finish the argu-
ment by step four of the proof of [4, 7.1]. K
Let n, p be integers such that n does not divide p. There exist two AD algebras
C$n , D$n of real rank zero, with building blocks C and Itn , which have
K(C$n ; p)$K(D$n ; p)
in the sense employed in the theorem above, but for which
K(C$n ; n)$3 K(D$n ; n)
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and so C$n$3 D$n . When n and p are mutually prime, we may use Cn , Dn
from [2, 3.3]. In general, one uses an argument from the proof of Proposi-
tion 2.4 to find two V-homomorphisms from Itn to M(n, p) that cannot be
told apart by K(&; p), and perform trivial modifications to Da$ da$ rlat and
Loring’s construction.
Lemma 5.2. Let positive integers p, q, n, m with q, n, m>1 be given, and
consider the KK-diagram
Itq ww
[.]
Itn wwww
[ 1]
[ 2]
D,
where D=Itm or D=C(S
1). Under the additional hypotheses,
(i) If K1(.) maps into a torsion element, that element is annihilated
by p
(ii) K(1 ; p)=K(2 ; p),
the elements [1 b .] and [2 b .] of KK(Itq , D) agree.
Proof. :. D=Itm . By (ii), K*(1)=K*(2) and we can find di such
that the two maps will induce maps of the form
\[x], _
x 0
&+di _&1&1 11& , [ y]+x&nym nym
in Hom(K(Itn ; r), K(I
t
m ; r)) for any r according to (2.5). From (ii) we may
conclude that d1#d2 (mod (n, p)). Say now that . induces a map
\[z], _
z 0
&+e _&1&1 11& , [w]+ .z&qwn qwn
By (i), pw#0 (mod n). Note now that the composed maps i b . induce the
map
\_
x 0
&+di _&1&1 11&+\_
z 0
&+e _&1&1 11&+x&nym nym z&qwn qwn
=_
xz 0
&+\di qwn +xe+_&1&1 11&xz&qywm qywm
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from K0(Itq ; Zr) to K0(I
t
m ; Zr) for any r. Proving that the composed
maps agree at the KK-level amounts, by Theorem 4.1(i), to proving that
they are the same for r=q, and this follows from the fact that
(d1&d2) qw
n
=
(n, p) aqw
n
=q
(n, p) w
n
=a#0 (mod q),
since the fraction in the last expression is an integer as n divides pw.
;. D=C(S1). Here, according to (2.8), 1 and 2 induce maps of the
form
([x], [x 0]+di[&1 1], [0]),
where d1#d2 (mod (n, p)) as above. All arguments needed to conclude that
[1 b .]=[2 b .] may be obtained by considering only the first row of
the matrices considered in case :. K
We now state and prove our main result.
Theorem 5.3. Let A and B be AD algebras of real rank zero. Suppose
that every torsion element of K1(A) and K1(B) is annihilated by the integer
p. Then
AK$BK  K(A; p) is order isomorphic to K(B; p)
and
A$B  K(A; p) is scaled order isomorphic to K(B; p).
Proof. Notation for the inductive systems will be as in the proof of
Proposition 5.1. Note how, passing to subsequences, we may assume that
every map K1(ki ) and K1(li ) maps into the set of elements in K1(Ai+1) and
K1(Bi+1), respectively, which are either not torsion elements or are
annihilated by p.
1. We proceed as in step 1 of Proposition 5.1, but we insert extra
horizontal steps. Combining the argument given there with [4, 7.2] and
renumbering, we get a map 9 in Hom(K(A2 ; p), K(B2 ; p))+, N, where N is
the maximum of dimension drops of building blocks in A2 . Similarly, we
get ( in Hom(K(B3 ; p), K(A3 ; p))+, M, M the maximum of dimension
drops in B3 , after renumbering several times, such that the diagram
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K(A2 ; p) ww
K (k 2 ; p) K(A3 ; p)
9 (
K(B2 ; p) wwK (l2 ; p) K(B3; p)
commutes. This process may be iterated.
2. Step 1 leaves us with a commutative diagram,
K(A1 ; p) ww
K (k 1; p) K(A2 ; p) ww
K (k 2 ; p) K(A3 ; p) ww
K (k 3 ; p) K(A4 ; p) ww
K (k 4 ; p) K(A5 ; p) ww } } }
9 1 ( 1 9 2 ( 2
K(B1 ; p) wwK (l1; p) K(B2; p) wwK (l 2 ; p) K(B3 ; p) wwK (l 3 ; p) K(B4; p) wwK (l4 ; p) K(B5 ; p) ww } } } ,
where 9i lies in Hom+, Ni and (i lies in Hom+, M i, and Ni is the maximum
of dimension drops in A2i ; Mi is the maximum of dimension drops in
B2i+1. If 8, 8&1 are scaled, we may assume the same of the 9i , (i . By
Theorem 4.1(iv), we can find V-homomorphisms i from A2i into KB2i
(or into B2i itself by 4.1(v), if the maps are scaled) with K(i ; p)=9i , and
V-homomorphisms "i from B2i+1 into KA2i+1 (or into A2i+1 itself) with
K("i ; p)=(i . Note that, contrary to in step 2 of Proposition 5.1, we cannot
invoke Theorem 4.1(i), and the diagram
A1 ww
k1 A2 ww
k 2 A3 ww
k 3 A4 ww
k 4 A5 ww } } }
 1 " 1  2 " 2
B1 wwl1 B2 wwl2 B3 wwl 3 B4 wwl4 B5 ww } } }
may fail to commute at the level of KK-theory. However, the two elements
of KK(A2i&1 , A2i+1) given by the two maps to be found in any subdiagram
of the form
A2i&1 ww
k 2i&1 A2i ww
k2i A2i+1
 i " i
B2i wwl2i B2i+1
and the two elements of KK(B2i , B2i+2) found in any subdiagram of the form
A2i+1 ww
k 2i+1 A2i+2
" i i+1
B2i wwl2i B2i+1 wwl 2i+1 B2i+2
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will agree. To see this, we may reduce to the case where each algebra is a
single building block. Also, as the squares commute at the K
*
-level, when-
ever the algebra at either end of the leftmost map is a circle algebra, the
two maps must be the same at the KK-level, according to the universal
coefficient theorem. When both algebras at the ends of the leftmost map
are dimension drop algebras, we get the result by Lemma 5.2.
3. If we refrain from renumbering for a change, the second step
shows that the diagram
1 b k1 2 b k3 3 b }5
A1 wwww
k2 b k 1 A3 wwww
k4 b k 3 A5 wwww } } }
" 1 b l2 " 2 b l4
B2 wwwwl3 b l2 B4 wwwwl 5 b l4 B6 wwww } } }
is commutative at the level of KK-theory. We may apply step four of [4, 7.1].
K
Corollary 5.4. Let A be an AD algebra of real rank zero with K1(A)
torsion free. Then A is in fact an AT algebra.
Proof. The ordered, graded group K
*
(A) is a graded dimension group
by [4, 8]. We can, hence, write it as an inductive limit of groups (ZZ)ni
with strict ordering from the first variable and the connecting maps satis-
fying [4, 8.1(ii)]. By that result, this group will be K
*
(B) for some AT
algebra B of real rank zero, and by Theorem 5.3 with p=1, A$B. K
Corollary 5.5. Let A and B be AH algebras of real rank zero, for
which every building block space is a finite CW complex which has torsion-
free K0 . Assume further that A and B have slow dimension growth and that
every torsion element of K1(A) and K1(B) is annihilated by the integer p.
Then
AK$BK  K(A; p) is order isomorphic to K(B; p)
and
A$B  K(A; p) is scaled order isomorphism to K(B; p)
Proof. By [1, 2.4], A and B are in fact AD algebras. Theorem 5.3
applies. K
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